is an ℓ × ℓ matrix and its discriminant det Q t + Q = 0. It gives an explicit asymptotic formula for the following sum
Introduction
Let F (x) be a quadratic polynomial with ℓ(≥ 3) variables x 1 , x 2 , .., x ℓ and integer coefficients. Unless stated explicitly otherwise, we shall write x for the vector (x 1 , x 2 , ..., x ℓ ) t ∈ Z ℓ . We assume quadratic polynomial F (x) satisfies (1.1)
where Q ∈ M ℓ (Z) is an ℓ × ℓ matrix with entries a ij , vector b = (b 1 , ..., b ℓ ) t ∈ Z ℓ , c ∈ Z and suppose those coefficients satisfies the following conditions
We have already shown the following theorem in [1] . Theorem 1.1. Let F be defined as above, k ≥ 2 and ℓ ≥ 3. Then, for any ε > 0 there exist constants H k,0 (F ), H k,1 (F ),..., and H k,k−1 (F ) ∈ R, such that x∈ [1,X] 
H k,r (F ) [1,X] (
for any prime p and integer m ≥ 1.
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1
Our focus is upon the case of the explicit asymptotic formula of k = 2. To giving our main results, we need some definitions. Definition 1.1. The first discriminant of quadratic polynomial F (x) as above defined as
and the second discriminant of the quadratic polynomial F (x) is defined by
where F (x) is defined by (1.1) and (1.2).
and the second Q-Root of quadratic polynomial F (x) is defined by
whereQ S is the adjoint matrix of matrix Q S := (Q t + Q) and F (x) is defined by (1.1) and (1.2).
is Legendre quadratic residue symbol. Then with the above concepts, our main result as follows.
+ε ,
where the constants are given by
γ is Euler constant,
and for any integer n ≥ 1, where 
Therefore we define
The treatment of S F (q). We consider the value of S F (p m ). Let m ≥ 1 be an integer. It is easily seen that
Hence let us consider ̺ F (p t ). For every odd prime and integer t ≥ 1,
If (∆ F , p) = 1, then do the following invertible linear transform
where R F is defined by Definition 1.2. On the other hand, by the Proposition 12 of Chapter 12 in [2] we have the following lemma Lemma 2.1. Let p be an odd prime. Let Q S is a symmetric ℓ × ℓ matrix in finite field F p . Also, let ∆ F defined by Definition 1.1. Then, the quadratic form s t (∆ F Q S ) s equivalent to the following standard diagonal quadratic form
Thus there exists an orthogonal matrix P F in F p such that
Using this lemma then easily seen that if (2∆ F , p) = 1, one has
Together with (2.4) and (2.5), then
holds for all (p, 2∆ F ) = 1. By Theorem 6 of Chapter 17 in [3] , we have
when p is an odd prime and c ∈ Z satisfy (p, c) = 1. Thus
Recall the properties of Legendre symbol, then
where c p t (R F ) is Ramanujan sum. It is easily seen that (2.8) 
then by (2.7), (2.8), (2.9) and (2.10) we have the following lemma.
Lemma 2.2. Let t ≥ 1 be an integer and p satisfies (p, 2∆ F ) = 1, we have 1). If R F ≡ 0 mod p t , then
Corollary 2.3. Let t ≥ 1 be an integer and prime number p satisfies (p, 2∆ F R F ) = 1. Then
2.3. The treatment of L(s, F ). Firstly, we consider R F = 0. In this case, we have firstly
If ℓ ≥ 3 is an odd integer then by Lemma 2.2 one has S F (p 2m+1 ) = 0. Therefore the above second product equals to
Hence we have
and where
On the other hand, by (2.3) we obtain that
The next we consider the case ℓ is even. Similarly we have the second product factor of (2.11) equals to
On the other hand, if p|∆ F then one has
Hence similar with the case ℓ is odd, we obtain that
where f (s, F ) is defined same as (2.13) and (2.15). Using the definition notations (1.1) and (1.2). Then, we have
Let us consider the cases R F = 0. By the above Corollary 2.3, if (p, 2∆ F R F ) = 1 then one has
if ℓ is even. and if t ≥ 2 then S(F ; p t ) = 0. Therefore we get that
Hence
if ℓ is even.
Similar with (2.12) or (2.16), use the definition notations (1.1) and (1.2). Then, we have
Then combine (2.2), (2.17) and (2.18), we get the proof of the theorem.
Examples
In the section, we give the computation of some example. We always assume that ℓ ∈ Z ≥1 .
Lemma 3.1. For all (b, 2) = 1, we have
Proof. The lemma is the Theorem 8 of Chapter 17 in [3] .
If t = 1, then we have
If t > 1 is an odd integer, then
If t > 1 is an even integer, then
Combining (3.1-3.3) and Lemma 3.1 one has the lemma. Then by. we have ∆ F = 2 ℓ , and
If ℓ ≡ 0 mod 4, then
Thus we obtain that
where χ is the non-principal Dirichlet character modulo 4. Hence, we have
and
Example 3.4. Let quadratic form be
We have
+ε , where
.
We have We have 1≤x,y,z≤X τ (xy + yz + xz) = c sym (τ ) m X 3 log X + c sym (τ ) s X 3 + O X 
